Introduction
THIS paper concerns maximal subgroups of symmetric groups on infinite, usually countable, sets. Our main aim is to give examples of maximal subgroups which could claim to be almost stabilisers of familiar combinatorial structures. We emphasise that maximal subgroup always means maximal proper subgroup.
Throughout this paper, Cl will denote an infinite set, usually countable. The power set of Q is denoted by 0*(Q). A moiety of a set Q of infinite cardinality K is a subset TofD. such that |F| = |Q\r| = K.
The full (unrestricted) symmetric group on Q. is denoted by 5 = Sym (Q). We write (G, Q) for a permutation group G on a set fl. Permutations act on the right, and if a e Q and g e G then a g denotes the image of a under g. The support of g is supp(g):={a e Cl: a s ¥> a).
A permutation group (G, Q) is k-transitive if it is transitive on the set of ordered k-subsets of Q and it is k-homogeneous if it is transitive on the set of unordered A:-subsets of Q. It is primitive if there is no proper non-trivial G-invariant equivalence relation on Q. If (G, Q) is transitive then it is primitive if and only if each point stabiliser is maximal in G.
A collection $ of subsets of Q is an ideal if (a) 0£^,fl« 3>\ (b) if T e $ and A <=, T then A e 3>; (c) if T, A e $ then r U A e 3>. An ideal $ is maximal if it is contained in no larger ideal; that is, for every A <= Q, either A e $ or fi\ A e $. Every ideal $ has a dual filter, : = {Q\A: A e 3), and the dual of a maximal ideal is an ultrafilter. If 3if£ SP(Q) and Q is not a finite union of members of JK, then the closure of JC under subsets and finite unions is the ideal (5if) generated by 3C and is the smallest ideal containing 3C.
If 31T c 0>(Q), we define the stabiliser of % by It is easily verified that 5 (J *) is a normal subgroup of S w . The stabiliser 5 {Jf} is a proper subgroup of 5 unless $ = {A: |A| < A}, where X o ^ A =£ |Q|. We will be interested in ideals which contain a moiety, so the stabilisers will be proper subgroups of S. We are interested in ideals whose stabiliser is maxmial. The first results in this area were by Richman. THEOREM 1.1 (Richman [16] ). Let °U be a maximal ideal on fl. Then (a) £{<&} has two orbits on the set of moieties of SI; (b) S w is a maximal subgroup of S;
(c) S w = S(<fr).
Richman proved also that for any positive integer k, the group 5 acts A:-transitively in the natural permutation representation on the set of right cosets of 5 {J j} (or equivalently, on the set of ^-translates of &).
In Brazil et al. [1] and Macpherson [13] a number of other nonmaximal ideals are constructed, whose stabilisers are maximal in 5. These were mostly obtained as almost stabilisers of structures such as sets, ideals or partitions. In the present paper, extending some observations from [13] , we give a rich supply of ideals $ on a countable set Q, such that S w is maximal in S. In each case, our ideal is closely related to a familiar combinatorial object with domain SI, such as the random graph, the linear order (Q, =s), or the set of unordered pairs from a countable set, regarded as a graph. The ideal will be invariant under the automorphism group of the corresponding combinatorial structure, and the associated maximal subgroup of 5 can be regarded as an almost stabiliser of the structure.
Part of our interest is to find analogues of the situation where Q is finite. Liebeck, Praeger and Saxl [11] essentially gave a characterisation of the maximal subgroups of the finite symmetric and alternating groups, stemming from the O'Nan-Scott Theorem ( [19, 12] ). A weak version of the O'Nan-Scott Theorem says that any maximal subgroup of the finite symmetric group S n is a group G of one of the following forms.
(i) G = S m X S k) with n = m + k and m¥=k (the intransitive case).
(ii) G = S m Wr S k , with n = mk, m>\ and k > 1 (the imprimitive case), (iii) G = AGL(k, p), with n = p k and p prime (the affine case),
with T a non-abelian simple group with outer automorphism group Out T, and n = \T\ k~l (the diagonal case). (v) G = S m Wr 5*, with n = m k , m s* 5 and k > 1 (the wreath case). (vi) T =s G « Aut T, with T a non-abelian simple group, and G acting primitively on {1,...,«} (the almost simple case).
The results of [11] give a classification of maximal subgroups of S n , in the SOME MAXIMAL SUBGROUPS OF INFINITE SYMMETRIC GROUPS 299 sense that the examples of groups in the above list which are not maximal are explicitly described.
We discuss in this paper analogues of cases (v) and (vi) above. Infinite analogues of cases (i) and (ii) are investigated in [1] . There is a different approach in Macpherson and Praeger [15] to generalising the O'NanScott Theorem for infinite permutation groups. In [15] , the O'Nan-Scott Theorem is regarded as a theorem about arbitrary finite primitive permutation groups, rather than about maximal subgroups of symmetric groups, and an infinite generalisation is given under assumptions on the existence of minimal normal subgroups.
We now describe the results of this paper in more detail. The following easy result was proved in [13] . It is a small extension of Theorem 1.1. THEOREM 1.2. Let $ be an ideal on Q containing a moiety. If S w has 3 orbits on moieties of Q, then S <Jf} is maximal in S.
It was also noted in [13] that if Q = Q then the hypotheses of the above theorem are satisfied by the ideal consisting of all scattered suborderings of Q, that is, subsets which do not themselves embed a copy of (Q, =s). That result is the starting point of the present paper. Before describing our extension of that result, we give some further definitions.
Suppose that M is a countably infinite first order structure with domain M over a finite relational language 5£. Then M is said to be homogeneous if every isomorphism between finite substructures extends to an automorphism of M. If Jf is any i?-structure, then the age of Jf, denoted si{jf), is the set of all ^-structures which are isomorphic to finite substructures of Jf. A class of ^-structures is an age if it is the age of some infinite i?-structure. By a theorem of Fraisse [5] , if si is an age then there is a countably infinite homogeneous i?-structure of age si if and only if si has the following property, the amalgamation property (AP): for all A, B u B 2 e siand embeddings/: A-* B, (i = 1,2) there are C e si and embeddings g,: B t -*C such that f x gi = f 2 g 2 . We say that si has the strong amalgamation property (SAP) if in the above there are no extra identifications, that is, if we can ensure that fif D Bf = A Ag >. It is well-known that if M is homogeneous then si(M) has (SAP) if and only if, for every finite subset F of M, the pointwise stabiliser in Aut M of F has no finite orbits outside F. Also, following Fraisse [6, Chapter 6, Section 6], we say that a countable homogeneous ^-structure M is indivisible if, for every partition M = A\JB of its domain, either the structure on A or the structure on B contains a copy of J1 as an induced substructure.
Our first theorem connects these notions with infinite symmetric groups. It is proved in Section 2, at the end of which there is a discussion of applications. This result gives many new examples of maximal subgroups of S which may be regarded as almost stabilisers or groups of almost automorphisms of the corresponding homogeneous structures. As noted in Section 2, the random graph and the universal homogeneous ^,,-free graphs (n ^ 3) satisfy the hypotheses of the theorem. By results of Truss [21] and Rubin [17] , the automorphism groups of the random graph and the universal homogeneous K n -free graphs (n^3) are all simple. So the maximal subgroups provided by the above theorem perhaps correspond to the 'almost simple' case in the O'Nan-Scott Theorem.
In Section 3 we turn to another variation on the O'Nan-Scott Theorem, based on case (v) of that theorem (as stated above). It is known that if n=r m with r,m>\, then 5 r Wr5 m , in its primitive 'product' action (described in Section 3 below), is maximal in S n . We give an infinite analogue of this result, showing that if T is a set of cardinality X o and reN with r & 2, then an easily described supergroup of Sym (r) Wr S r is maximal in Sym (P). Again, the supergroup is the stabiliser of an ideal. The ideal is similar to that provided by Theorem 1.3, but the result seems to require an independent proof. A similar argument gives infinite analogues of the maximal subgroups of S n of the form S m , acting on {1,... ,n} in the action on r-subsets of {1,... ,m} (so n = I j j. This last example really belongs again to the almost simple case.
A number of questions are suggested by these results, and are tackled in Section 4. The results in this section are for an arbitrary infinite set Q, not necessarily countable. First, if H is a maximal subgroup of 5, then S has a primitive action on the set of right cosets of H. It is natural to ask for which subgroups H this action is 2-transitive. Richman showed that if H is the stabiliser of a maximal ideal then the corresponding action of S is k -transitive for all positive integers k. We show in Section 4 that none of the examples of the present paper can yield 2-transitive actions of 5.
Indeed, if 3> is an ideal of Q. which contains a moiety but is not maximal, then S is never 2-homogeneous on the set of right cosets of S^y It is also natural to ask if the number of orbits in Theorem 1.2 can be increased. In Proposition 4.3 we give an example of an ideal whose stabiliser has 4 orbits on moieties and is not maximal in S. This example exhibits another phenomenon; it gives an ideal $ which is not maximal, such that 5<je ( = S w . Theorem 1.1 says that this happens also for maximal ideals, but for the other ideals 3> discussed in this paper, we have For convenience, we record here two lemmas from previous papers. These results hold for arbitrary infinite sets Q, not necessarily countable. Proof. Let 0,, 0 2 be moieties of Q. lying in S, and put 0:=©i U0 2 . Then 0si. We may suppose that the 0, are moieties of 0, for if either of them is not then 0 is a moiety of Q, so there is 0' e $ such that 0 is a moiety of 0', and we may replace 0 by 0'. Since S w induces the symmetric group on 0, it contains some g e S <0} such that 0f = 0 2 . The result follows.
The next lemma follows immediately from Corollary 3.10 of [1] . An ideal $ containing a moiety is called almost principal if there exists a moiety Fei such that |A\T| < |F| for all A e $. LEMMA 1.5. Let 3> be an ideal on Q which contains a moiety and is not contained in an almost principal ideal. Suppose that for all T e ^>(Q)\^1, the set Q can be expressed as the union of an element of J 1 
and finitely many S^-translates of T. Then S w is a maximal subgroup of S.
Finally, we emphasise that infinite symmetric groups can have maximal subgroups which are not stabilisers of ideals-for an example, see Lemma 6.10 of [14] . Very little is known about such examples.
Ideals on homogeneous structures
In this section we prove Theorem 1.3. Let M be a countably infinite indivisible homogeneous structure over a finite relational language, let Q = M, and assume that S ¥> Aut M. Let i:={^gM: the structure induced on A does not embed a copy of M). is an isomorphism. Evidently the structure si on A is isomorphic to all its infinite substructures, so if A $. J 1 then si = M. There are several ways of showing that this would imply that S = Aut M. For example, by the main theorem of [7] , if si is not a pure set then it is rigid, whereas M has many automorphisms.
We give next a lemma which may be of independent interest. Both the lemma, and Theorem 1.3 hold, in fact, for a slightly larger class of structures-the w-categorical homogeneous relational structures whose age has (SAP). LEMMA 
Let M be a countable homogeneous structure over a finite relational language Z£, and suppose that si(M) has (SAP). Let Jf be an infinite substructure of M. Then there is a partition of M into subsets A and B such that the substructure of M induced on A is isomorphic to Jf, and the substructure induced on B is isomorphic to JL
Proof of Lemma 2.2. Since M is homogeneous, Th (M), the complete first order theory of M, has a complete set of axioms of the form Vx3y<t>(x, y), where (f>(x, y) is quantifier-free. We show that there is a structure 9> isomorphic to M, such that & is a union of a countable chain with st o = Jf and y4, +1 \i4, is a singleton for each / < w. At stage i there will be a structure jrf, isomorphic to a substructure of M, a tuple b in A h and an axiom Vx~3y<f>(x, y), where <p(x, v) is quantifier-free, and we extend si, to si l+1 by adjoining an element c such that <f>{b, c) holds. This can always be done so that c g A t . For if <6 is a finite substructure of s& { , then by (SAP) there is a structure •#' e si(M) containing % as an induced substructure, such that C'\C is a singleton {c'} ( and <j>{jb,c') holds. The construction of s& i+ \ from si t follows from this observation by compactness.
Since there are countably many axioms Vx 3y <j>(x, y) and each structure si ( has countably many tuples, we can build the chain (si,:i<u)) so that 91ThM. Let A be the domain of si 0 and B: = P\A.
Then by the construction of the chain (M^. i < u>) the structure S3 induced on B also satisfies the axioms of Th M; for as the chain was built, the witnesses for the axioms were always chosen in B. Since Ji is homogeneous over a finite relational language, it is w-categorical. It follows that M, 9 and S8 are all isomorphic, as required.
In our proof of Theorem 1.3 we use the notion of piecewise automorphism, which was introduced by Stoller in [20] . If M is a relational structure then a piecewise automorphism of M is a permutation g e Sym (M) with the following property: there is a positive integer n and a partition M =J4 1 U • • • UA n so that g \A t is an isomorphism for each i = 1,..., n. The set of piecewise automorphisms forms a group, denoted by PA (M).
Proof of Theorem 1.3. Part (b) is just Lemma 2.1. To see that (a) holds, suppose that it is false. Then there are A,B e 3 such that A U B = M and, replacing A by a subset, we may suppose that A and B are disjoint. This contradicts the assumption that M is indivisible. Now we prove (c), that 5 {J>} has three orbits on moieties of Q (of course, to show that S w is maximal in S, we would merely need to show that there are at most three orbits on moieties). We claim that if A is a moiety of M which lies in 3, then there is a moiety C of M such that C e 3 and A is a moiety of C. For, as M is indivisible, there is an isomorphic copy JV of M with domain N contained in M\A, and N has a moiety A' which carries a structure isomorphic to that on A. Then A' e 3, so we may put C:=AUA'. From this it follows by Lemma 1.4 that 5 (J () is transitive on the set of moieties of M which lie in 3. Hence it will also be transitive ont he set of moieties whose complements lie in 3. We now discuss briefly the examples to which this theorem applies. The countable homogeneous graphs were classified by Lachlan and Woodrow [10] . Each is determined up to isomorphism by its age (in fact, this holds for any countable homogeneous structure). Up to complementation, the examples are as follows: the complete graph on a countably infinite vertex set; the disjoint union of r copies of K s , where r,s are countable and at least one of them is infinite; the random graph, that is, the homogeneous graph whose age consists of all finite graphs; and, for each integer n 5* 3, the homogeneous graph whose age consists of all finite graphs not containing K n as an induced subgraph. In each case apart from that of r copies of K, with 1< s < X o , the age of the graph has (SAP). There is also a classification (in a looser sense) of the countable homogeneous directed graphs, due to Cherlin. Again, in most of the examples the age has (SAP).
It is easy to see that the random graph is indivisible. First, recall that the random graph F is characterised among countable graphs by the following condition: for any two finite disjoint sets U,V of vertices, there is a vertex adjacent to each vertex in U and to no vertex in V. Now suppose that the vertices of F are partitioned into sets A and B. We claim that more than indivisibility holds: namely, either the graph induced on A is isomorphic to F, or the graph on B embeds a copy of F. For if the graph on A is not isomorphic to F then there are finite disjoint subsets U and V of A such that if C is the set of all vertices in F which are adjacent to every vertex of U and to no vertex of V, then C fl A = 0. Hence C £ B. It is easily verified (by the above characterisation of F) that the graph on C is isomorphic to F, and the result follows.
Komjath and Rodl [9] proved a much more substantial result, that the universal homogeneous A^3-free graph is indivisible. Later El'Zahaar and Sauer [4] showed that for any n 3=3 the universal homogeneous /C n -free graph is indivisible, and obtained many related results. From their work it follows that many of the homogeneous digraphs are indivisible.
Remark. Let M be a structure consisting of an equivalence relation with infinitely many classes, all infinite. Then M satisfies the assumptions of Theorem 1.3, and the ideal obtained in the theorem is the dual to the filter considered in [1, Theorem 5.1]. Thus, our description of the maximal subgroup yielded by Theorem 1.3 as the 'almost stabiliser' of the structure M is consistent with terminology from [1] .
Problem 1. We do not know to what extent non-isomorphic structures
M yield non-conjugate maximal subgroups of S. For example, is it possible to put the structure of the random graph on Q so that the maximal subgroup almost stabilising (Q,=s) is equal to the almost stabiliser of the random graph, in our present sense? 
Primitive wreath products
Throughout this section we assume that Q is countable. In [1] it was noted that certain maximal subgroups of 5 are analogous to those for finite symmetric groups-namely, the almost stabilisers of subsets of Q and partitions of Q. We now pursue this further by finding a maximal subgroup of 5 associated with a wreath product in its product action.
Let F be a countably infinite set, n > 1 an integer, and put
Let 5: = Sym(Q) as usual, and let
the stabiliser of this 'product' decomposition of Q. The elements of the group G act on an element ysT" as follows: if g = (g u ... ,g n ) e Sym (IT then y*(i) = (?(/))» and if g e S n then y»(i) = y(ig-»). We shall exhibit a maximal subgroup of 5 which stabilises an ideal on Q, contains G, and is naturally associated with G. For convenience, we identify T with w. We shall call a subset 2 of Q large if there is an infinite subset A of co such that 2 contains an image under an element of G of L(A) : = {(<*"... ,<*")€ A":
d,<---<d n ).
JAC1NTA COVINGTON, DUGALD MACPHERSON AND ALAN MEKLER
We shall say that 2 is small if it is not large. Definê : = {Z£Q; 2 is small}. Clearly G =£ S {J , } . (d u ...,d n ) lies in ft r . By Ramsey's Theorem, there is an infinite subset Ag&i such that all the n -subsets of A have the same colour. That is, Q r 2 L(A) for some r with 1 =£ r =£ m, and so Q r is large.
To show that $ contains a moiety and is not contained in an almost principal ideal, it suffices to prove that any moiety 2 g f contains a moiety $ of Q with 4> e J>. Let 2 be a large set. We may assume that L(A) £ 2 for some infinite A £ w.
is a moiety of Q contained in 2, and is small so lies in J 1 .
THEOREM 3.2. The group S w is a maximal subgroup of S.
Proof. By Lemma 1.5 and the previous lemma, it suffices to show that if 2 is large moeity of £2, then there is a positive integer m (dependent only on n) and gj,...,g m e G such that Q. = 2* 1 U • • • U 2 gm . Replacing 2 by a subset of a G-translate if necessary, we may suppose that 2 = L(A) for some moiety A of «. We first show that A" is a union of finitely many G-translates of 2. Let
Then II is the union of finitely many translates of 2 under G (indeed, under S n ). Take some h e Sym (w) acting as a single infinite cycle on A and as the identity on oAA. Let (d u ..., d n ) E A" with k distinct entries, and assume d, = dj. Then df is distinct from d u ...,d n for some / E {1, 2,..., n). Hence the tuple
has k +1 distinct entries. By induction, A" is the union of the finitely many sets IF, where g = (h'\ h' 2 ,..., h'") e Sym (O" and /, e {1,..., n). We have now reduced to the case where 2 = A". Now let / be an element of Sym(o>) of order two interchanging A and &AA. For each A^{l,...,n) let g A be the element (g\,...,g n ) of the base group Sym (F)" of G, where g, =fifieA and g, = id otherwise. Then Q is the union of the finitely many sets I 8 -4 , where A c {l,...,«}.
Remarks

1.
The results of this section do not appear to generalise easily to the case when F (and hence Q) is uncountable. For in Lemma 3.1, Ramsey's Theorem is used. Also, it is not clear how to find natural maximal subgroups of 5 which are almost stabilisers of product decompositions of infinite products. Of course, if / is infinite then the set Q = F' is uncountable. However, when / and F are countably infinite the restricted wreath product Sym (F Wr Sym (/) has a natural action on a countable subset of F ; . We have not considered associated maximal supergroups. 2. Let F be a countably infinite set, k an integer with k > 1, and let Q be the set of unordered k -subsets of F. Then Sym (F) can be identified naturally with a subgroup of 5. The construction above for the product action can be mimicked in the present setting, to obtain an ideal associated naturally with Sym (F), whose stabiliser contains Sym (F) and is maximal in S. Call a subset 2) of Q large if there is an infinite subset A of F such that £ contains all A:-subsets of A, and call a subset small if it is not large. Let J 1 be the set of small subsets of Q. By Ramsey's Theorem, $ is an ideal. Clearly Sym (F) *£ S w . Also, an adaptation of the proof of Theorem 3.2 shows that S {J » t is maximal in S. In this case, there is a homogeneous structure M in a finite relational language which has domain Q and automorphism group Sym (F( (see [2] for information on how to make the structure homogeneous). The ideal $ is just that arising in Theorem 1.3, but as sd(M) does not have (SAP), the maximality of S w in S does not follow from that theorem.
Problem. For other infinite families of maximal subgroups of finite symmetric groups, find infinite analogues. For example, if F is a finite field and AGL (X o , F) has its natural action on the vector space {J) and Sym (V) w is maximal in Sym (V). The same question can be asked for the diagonal subgroups of S n (case (iii) of the O'Nan-Scott Theorem) and for some of the infinite families of almost simple maximal subgroups.
Further remarks on stabilisers of ideals
In this section we assume that Q has infinite cardinality K which is not necessarily countable. We prove two results, settling questions suggested by the above results. First, we exhibit a sharp contrast between stabilisers of maximal ideals and stabilisers of other ideals. Replacing A by a moiety of itself if necessary, we may assume that A is a moiety of Z.
Define g e S interchanging A and Z\A, and fixing Q\Z pointwise. We give an example of an ideal iona set Q of infinite cardinality K such that 5, in its permutation representation on the set of S-translates of 3>, has finite permutation rank. For any moiety Z of Q, define Then >^(Z) is an ideal on Q. which contains a moiety but is not maximal. Given moieties Z,, Z 2 , we have ^(Z,) = ^(Z 2 ) if and only if |Z,AZ 2 | < K. It follows that the action of S on the translates of $ is equivalent to that on the set of moieties of Q, considered up to small symmetric difference, and by considering possible configurations of moieties we see that this action has permutation rank seven.
The above example was suggested by the referee, in answer to a problem posed in an earlier draft of this paper. The ideal in the example is almost principal, and we have not found ideals which are not almost principal, not maximal, and in which the permutation rank of the symmetric group on cosets of the stabiliser is finite.
Our final result shows that an obvious generalisation of Theorem 4.1 fails. It also suggests that the problem of characterising those ideals for Let £l u ft 2 be disjoint sets of size K, and for / = 1, 2 let 2, be a moiety of ft,. Let %, % be ultrafilters of 2,, 2 2 which are uniform (that is, contains no sets of cardinality less than K) and inequivalent (that is, no bijection between 2] and 2 2 induces a bijection between % and %); this last is possible by a counting argument, for by Posposil's theorem (see [8] ), any set of size K has 2 2 " uniform ultrafilters. For / = 1, 2, let $j be an ultrafilter on ft, extending %. Observe that 2, e 5F,, and that 9>, induces % on 2, (by intersections of elements of ^ with 2,). Now let Q: = QiUQ 2 , and definê :={r, UT 2 : Tj e 9 U F 2 E Sy.
Then SF is a filter on Q. Let ^ be the ideal on Q dual to 9, and let .?, be the ideal on ft, dual to $•• (/ = 1,2).
Proof of (a).
For any set rgQ, let F,: = Fnft,, 0 = 1,2). If T is a moiety of £1, define the type of T to be ideal-filter if r\ e .?, and F 2 e ^2, and similarly for ideal-ideal, filter-ideal and filter-filter. An easy application of Lemma 1.4 gives that S w is transitive on the set of moieties of Q. which lie in $ (type ideal-ideal), and hence on those lying in %F, (type filter-filter). We will show that S w is transitive on moieties of type ideal-filter. It follows that it is also transitive on moieties of type filter-ideal.
Note that the set Q^ has type ideal-filter. Take any moiety F of Q type ideal-filter. We will find some k e S w such that F* = Q 2 . Now Fj e 3> x and F 2 E S'j. Take a moiety A! of n t \Fj in ^ and a moiety A 2 of F 2 in ^2. Let g be a permutation interchanging A 1 annd A 2 and fixing Q\(AiUA 2 ) pointwise. Since AiUA 2 e^, we have Sym(Aj U A^ssS^, and so g e 5 (J> }. Then (F*), is a moiety of ft, for i = 1,2. We now define h to interchange (F g ), and Q 2 \(F g ) 2 and act trivially elsewhere. Since (F 8 )i U (ft2\(F«) 2 ) E 3>, we have h E S W as before. Put k: = gh. Then k e 5 {J>} , and F* = ftj, as required. Now, 2, has type filter-ideal and 2 2 has type ideal-filter, but since the filters induced in them are inequivalent, they must lie in distinct 5(jf)-orbits. This proves that there are exactly four orbits on moieties.
Proof of (b). Pick g e S {^y
We must prove g E S (J>) , that is, supp (g) e 3>. Define <!>,: = Of \fl,, (i = 1,2). Now, ft, has type filter-ideal, so ftf also has type filter-ideal. Thus *j = ftf n ftj e # 2 -Similarly, * 2 E ^.
Next we show that there is an element h s S w such that gh stabilizes Q] and Q 2 setwise. We deal first with the case where 1$!, = | <J> 2 | -Now, «!>! U <J>2 e $, and so an element h interchanging <J>, and <J> 2 lies in S w . So assume now 1$,! < |<£ 2 |. As above, we can interchange ^>j with a subset of <I>2 to assume that <I>, is empty. Now choose an infinite set rcfi,\$f"' with |A| 5= | <1> 2 | and A e $> 2 . Choose h e Sym (Q) mapping T onto r U <t> 2 and <J> 2 U ^ ' U A onto $f"' U A, such that h fixes everything else. Then h e 5 (J f), and gh fixes D, and Q 2 setwise. Now, gh e 5 W n 5 (fi| } for / = 1,2, so its restriction to Q, belongs to the group Sym (Q,)^}, which equals Sym (Q,-)(^) since 5^-is an ultrafilter. That is, and so supp (gh) e J>. Hence gh e S w and so g e S w , as required.
Remark. If we had chosen the ultrafilters % on 2 t and % on 2 2 respectively to be equivalent, then we could have ensured that ^ and SP 2 are equivalent. In this case the stabiliser of SF would have three orbits on moieties of Q. It follows from Pospisil's Theorem that there are 2
